CS70 Discrete Mathematics for Computer Science, Summer 2011

Section 3

1. Use induction to prove that the following equalities are true for all positive integers n:
n
(@ > (4—3)=n(2n-1)
i=1

LA n(n+1)(2n+1
(b) Z; 22 — ( )6( )

LA n?(n+1)2
(C) ZZ:IZSZ (4 )

L n(n+1)(n+2
@ % i(i+1) = notlnd2)

(e ; (2@'71)1(2i+1) = 2nﬁ-1

[\

. Prove that for every positive integer n greater than 2, 3" > n?.
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. Use strong induction to prove that a class of n > 12 students can be broken into groups where each group
has exactly 4 or 5 members.

4. Let m be an even natural number. Find natural numbers z and y such that m = (x +y)2 + 32 +y. Example:
form = 6, x = 0 and y = 2 satisfy the equation. Try a few cases to find a pattern and then use induction to
prove that the pattern works.

Hint: Let m = 2n, where n € N. Use induction to find z,, and y,, such that 2n = (2, + y,)? + 32, + Yn.
5. Use induction to show that for any natural number n > 1, given pairs (a1,b1), (a2, b2), ..., (an,b,) of
integer numbers, there exist integer numbers c and d such that
(af +0)(a3 +b3) ... (ap +07) = ¢+ d°.
Hint: (a? + b%)(c® + d?) = (ac — bd)? + (ad + bc)?.
6. Suppose n is a positive natural number whose prime factorization is: n = p{'p5? . .. p*, where p; ... pj, are
natural, distinct prime numbers, and ay, . . . a,, are positive natural numbers. Use induction to show that the

number of divisors of nis (1 +a1)(1 +az)--- (1 + ax). Example: n = 12 = 22 x 3 has exactly 3 x 2 = 6
divisors.



